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Abstract 
In this paper, a novel particle model for simulating incompressible inviscid fluids and deformable solids is presented. 
In this model both fluids and solids are described by the Smoothed Particle Hydrodynamics: fluid dynamics is studied 
in the weakly compressible approximation, while solid dynamics is simulated through an incremental hypoelastic 
relation. Fluids and solids are characterized by the same formulations, thus the need to define an interface for 
coupling disparate fluids and solids models is eliminated, and the interaction between them can be achieved naturally 
without the complex coupling interface. The model has been tested with several examples, and the experimental 
results show the realistic aspects of coupling fluids and solid motion. 
© 2011 Published by Elsevier Ltd. 
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1. Introduction
The interaction between fluids and solids is becoming increasingly important in computer graphics.
These interaction processes are physically very complex, thus it is very difficult to achieve realistic 
simulation. One of the most popular particle methods for simulating fluid flow coupled to other bodies is 
SPH (Smoothed Particle Hydrodynamics) [1], which was introduced to the graphics community by 
Desbrun and Cani [2]. The coupled models [3-6] are currently widely used to simulation these interactions, 
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however the variety of the simulated materials and effects is often constrained by the interfaces between 
the models. It is highly desirable to have a single simulation method which can handle different types of 
materials, and interactions between them as well.  
In this paper, we present a unified particle model based on SPH for the simulation of liquids and 
deformable objects, which eliminates the need to define an interface for coupling different fluid and solid 
models. Using this approach, fluids and solids are both represented by particles, each of which has its own 
attribute values describing its physical properties. Since each particle interacts with its neighboring 
particles regardless of the state of matter, we achieve a two-way coupled fluid-solid interaction without 
any further treatment. This proposed technique can be implemented easily and be integrated with the 
existing SPH fluid solvers. 
2. Smoothed Particle Hydrodynamics 
The SPH is an interpolation method for particle systems. With the SPH, field quantities that are only 
defined at discrete particle locations can be evaluated anywhere in space. For this purpose, SPH 
distributes quantities in a local neighborhood of each particle using radial symmetrical smoothing kernels. 
According to SPH, a scalar quantity A is interpolated at location x by a weighted sum of contributions 
from all particles: 
( ) ( , )jj
j j
A
A m W
ρ
= −∑x x j hx                                                 (1) 
where j iterates over all particles, mj is the mass of particle j, xj the position, ρj the density and Aj the field 
quantity at xj. 
The function W(x, h) is called the smoothing kernel, h is the radius of support. If W is even (i.e. W(x, 
h) = W(−x, h)) and normalized, the kernel approximation has second order accuracy. The kernel is 
normalized if 
( , ) 1W h d =∫ x x                          (2) 
In this work, the cubic spline kernel function is used. 
3. Numerical Model 
3.1. Equations of Motion 
The governing equations of motion for a continuum include the continuity and momentum equations. 
In this work, these equations are written in a Lagrangian framework respectively as 
d
dt
ρ ρ= − ∇⋅u
      
                      (3) 
 
1 1d p
dt ρ ρ
= − ∇ + +u S g                                                       (4) 
where t is time, u is the velocity vector, p the pressure, S the stress tensor, and g the external 
acceleration. 
The pressure can be defined in the same way for both fluid and solid by the following equation of 
state, which holds for small variations of density: 
2
0 0( )p c ρ ρ= −                       (5) 
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where ρ0 the rest density, 0
0
c ε
ρ
=  for the fluid and 0
0
Kc
ρ
=  for the solid, being  the 
compressibility modulus of the fluid and K the bulk modulus of the solid [7].  
ε
In this work, the viscosity effects of fluid is neglected, therefore S=0 for fluids. For solids, an 
evolution equation for S can be derived from Hooke’ law with shear modulus [8], 
( )2
3
d trace
dt
μ ⎛ ⎞= − + ⋅ −⎜ ⎟⎝ ⎠
S DD I S Ω Ω S⋅                                        (6) 
where μ  is the shear modulus, ( )
2
T∇ + ∇
=
u u
D
 
is the rate of deformation tensor, and
 
( )
2
T∇ − ∇
=
u uΩ
 
is the spin tensor. 
3.2. The SPH Formulations 
For particle i, either fluids or solids, the application of the SPH rule to Eq. (3) yields 
i
j ij ij
j
d m W
dt
ρ
= ⋅∇∑ u                                       (7) 
where uij = ui – uj, Wij = W(xi - xj, h). 
For fluid particle i, the stress tensor S=0, therefore the SPH formulation of the momentum equation (4) 
reduces to 
2 2
ji i
j
j i j
pd pm W
dt ρ ρ
⎛ ⎞
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∑u ij ig                                            (8) 
where the symmetric formulation of the pressure gradient term guarantees that the action–reaction 
principle between particles i and j is satisfied.  
For solid particle i, the SPH approximation of the momentum equation (4) becomes 
( )
2 2 2 2
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where the two terms between brackets in the last summation are introduced to solve numerical problems 
accompanied with the mesh free nature of the SPH method. The first one is an artificial viscosity term [9] 
for smoothing out the velocity oscillations which can arise owing to the disorder of particles.The second 
one is an artificial stress term [8] and was proposed to eliminate the effects of the “tensile instability”. 
This instability originated from the interpolation technique of the SPH method: the particles tend to clump 
together, and non-physical fractures are produced. 
The SPH fluid equations are integrated with the second order accurate Leap-Frog scheme [10]. The 
advantages of Leap-Frog algorithm are computational efficiency for one fluid equation evaluation per 
step and the low memory storage required in the evaluation. 
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4. Results 
The results presented in this section were computed on a Athlon XP processor at 2.0 GHz. To generate 
fluid surfaces, the iso-surfaces of color fields[11] are extracted by using the Marching Cubes algorithm[12] 
and the resulting triangles were rendered with POV-Ray 3.6. 
Fig.1 illustrates the two-way interaction between a deformable rubber ball and water stream. We used 
up to 4000 particles for the ball and water, and the average frame rate was 15.8. In Fig.1(a)-(d), the 
rubber ball is placed on the floor and is unfixed, when the ball is impacted by the water stream, a dent on 
the ball can be observed, and in the meantime, the ball is pushed to the right wall by the water stream. In 
Fig.1(e)-(h), the rubber ball is fixed on the floor, because the ball can not absorb the water impact by 
moving to the right, the dent is more notable. 
    
(a)          (b)   (c)                  (d) 
 
    
(e)          (f)   (g)                  (h) 
Fig. 1. A rubber ball and the oncoming water stream 
 
5. Conclusion 
For simulating the interactions of fluids and deformable solids in an efficient fashion, a novel particle-
based model is proposed. By discretizing both fluids and solids to the SPH particles, our method 
eliminates the need to define an interface for coupling different models, and the two-way fluid-solid 
interaction can be achieved naturally. 
The model has been tested with several examples, and the experimental results show the realistic 
aspects of coupling fluids and solid motion. The results are not as photorealistic yet as animations 
computed off-line, however, given that the simulation runs at interactive rates instead of taking minutes or 
hours per frame as many off-line methods, the results are quite promising. Moreover, the SPH can be 
implemented efficiently with the GPGPU techniques, thus the performance of the proposed method can 
be increased further on GPUs, and we believe that the real-time interaction is very likely to be achieved 
on GPUs. 
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